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REFLECTION OF OBLIQUE SHOCK WAVES
IN ELASTIC SOLIDS

T. W. WRIGHT

Ballistic Research Laboratories, Aberdeen Proving Ground, Md. 21005

Abstract-The reflection of a finite elastic plane shock wave at a plane boundary is examined. A semi-inverse
method of solution is used. Only angles of incidence which are less than a critical angle are considered in detail.
In general there are three reflected waves which may be either simple waves or shock waves. It is found that either
kind of refleeted wave may be completely specified by a single parameter provided conditions ahead of the wave
are known. Boundary conditions at the plane surface must be solved for the specifying parameters. A simple
existence theorem is stated, critical angle cases are discussed, and several simple examples are presented.

1. INTRODUCTION

MANY recent papers have been devoted to the search for solutions offinite amplitude wave
problems in solids. These have been principally of two types. On the one hand, several
authors have solved initial-boundary value problems in one spatial dimension.t On the
other hand several authors have treated the conditions for existence of singular surfaces
and for growth or decay at quite arbitrary acceleration fronts.t Such solutions are of great
use in understanding and predicting major aspects of the response of elastic materials to
finite excitations. The solution presented here is offered in the same spirit. That is to say,
it should be regarded as a general case which may be used to describe important aspects of
more detailed boundary-initial value problems.

Specifically the problem to be treated is the reflection of a finite plane shock wave from
a plane surface where the angle between the shock wave and the surface is in the range
o ::; °< Or- The maximum angle, 0co for which the simple reflection solutions hold is a
critical angle and cannot be given in general, but must be determined in each special case.
The exact value will depend on such factors as material constitution, incident shock strength,
conditions ahead of the incident shock, and surface boundary conditions. Critical angle
phenomena will be described qualitatively, but are not the primary focus here.

A strictly mechanical theory is used. Specifically, the material is assumed to be homo
geneous, simple and elastic [9]. Thus the stress is a function solely of the deformation
gradient taken with respect to a fixed reference configuration which is assumed to be stress
free. Since no thermal effects are included, criteria other than entropy increase must be
introduced to determine shock wave stability,

The reflected waves are found by a semi-inverse method. The incident shock is assumed
to be given a priori so that 2, the line of intersection with the boundary, moves normal to
itselfat a known fixed speed. The basic assumption is then made that the reflection consists
of families of simple waves [10], each wavelet of which passes through 2. In general three

t References [1-5] are representative.
:j: Referenees [6-8] are representative.
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simple waves are required. The problem then reduces to the determination of the distn
bution and strength of the wavelets by means of ordinary differential equations. In some
cases a simple wave must be replaced by a shock wave.

In any case the solutions are of the two dimensional steady state type. They are two
dimensional in that there is no dependence on a coordinate with axis parallel to (f. They
are steady state in that an observer moving parallel to the surface and at the same speed
as .~ will see only fixed deformation fields. Solutions of this type may be expected to have
validity locally or asymptotically for curved shock reflections or they may hold exactly
in finite regions bounded by other discontinuity surfaces.

In Section 2 a summary of the necessary finite elasticity theory and shock wave theory
is given. The geometry of normal and wave cones behind the incident shock is discussed in
Section 3. These two sections contain standard material in the main and are included to
make the paper relatively self contained. References to complete expositions are given at
the beginning of each subsection where possible.

The first two subsections of Section 4 contain the main substance of the paper. There
the general solution for reflected simple waves is presented. The remainder of Section 4
contains comments on existence, reflected shock waves, and critical angles. Several special
cases are discussed in Section 5.

2. ELASTIC SIMPI,E WAVES AND SHOCK WAVES

Finite elasticity [9J

Let (Xl, X 2 , X 3
) and (Xl, x 2

, .:.,;-') be the Cartesian coordinates of an elastic particle.
Here X" are the coordinates of the particle in an unstressed reference state and Xi are the
coordinates in the present configuration. The two coordinate sets are related by a non
singular one parameter family of mappings Xi = xi(X", t) where the parameter t is time.
The deformation gradient is denoted by F~ = x~" = i3x i/oX" and the velocity is denoted
by ui = .x i = Dxi/Dt. We have det F #- O.t

If the stress and velocity fields are differentiable, then the equations expressing balance
of momentum, and moment of momentum respectively are:

T~~ = Pou;

F;T i
' = F~Tj".

(n

Here Po is the mass density in the reference configuration and T is the Piola stress tensor
or engineering stress (i.e. force per unit reference area). The Piola stress tensor is related to
the Cauchy stress tensor t by the formula T = (det F) t (F- t)T where the superscript T
denotes transposition.

If the functions xi(X", t) are continuous everywhere, but have discontinuous first
derivatives on some propagating surface, L, then the differential balance conditions must
be replaced by jump conditions on L. That which corresponds to equation ( \1) is:

t Direc1 notation as well as index notation will be used when convenient. Thus the tensor F has ('artesian
components F~, the vector u has Cartesian components u'. elc.
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Moment of momentum adds nothing new, but kinematic jump conditions must be adjoined

(Xi] = 0

(3)(F~J = aiN,

(u i ] = -aiV.

In these equations N is the unit normal to L in the reference configuration and points
in the direction of propagation. The speed of propagation along the normal is V and a is
the amplitude vector of the jump. The square brackets indicate the jump in the quantity
enclosed taken across L; thus (K] = K+ - K- where the plus and minus signs indicate
the limit values at a point on the surface taken from the side of positive and negative normal
respectively. Jump conditions for acceleration waves or other higher order singular surfaces
could also be written, but will not be needed in the sequel.

The constitutive equations are assumed to be of the form

T = T(F) (4)

where the response function satisfies (l z) identically and may be subject to restrictions of
material symmetry as well as the principle of material indifference.

Equations (1}-(4) together with appropriate initial and boundary conditions form a
strictly mechanical theory of simple elastic materials.

Simple waves [IOJ

Simple waves are defined to be regions of space-time in which the deformation gradient
and velocity fields are continuous and depend on a single parameter, say y = G(X, t).
Regions of constant yare propagating surfaces with unit normal and normal velocity in
the reference configuration given by:

N( ) _VG
y -IVGI' V(y) = (5)

(6)

The equation of motion (1z) and a compatibility equation may be written:

C'PF,jG 'G'
ij P " = POU i

FIG = u'jG,p

where the prime indicates differentiation with respect to the parameter y. The elasticities
Cff are functions of F and are given by Cff = oTUoF~. If G =f. 0 equation (6) may be re
written with the aid of (5) as

(CffNa.Np-PoVZOij)u'j = 0

VFI+u'iNp = O. (7)

Furthermore, Varley shows that simple waves are regions swept out by one parameter
families of propagating planes or wavelets

(8)

Inversion of equation (8) yields the function G(X, t).
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Equation (7 1) shows that simple waves are carried by characteristic surfaces and propa
gate with one of the characteristic speeds. It will be assumed for arbitrary direction of the
normal vector that the acoustic tensor Qij = CffNaN fJ is positive definite for all Nand F
and has three linearly independent right proper vectors. This requirement assures that the
propagation speeds be real and non-zero and that three distinct wave types exist. Further
more, it will be generally assumed that the propagation speeds are distinct. This last require
ment is very strong and must severely restrict the class of materials or deformations to be
considered since isotropic materials, cubic materials, hexagonal materials, and perhaps
others as well all exhibit some degeneracy of wave speeds for the case F = 1. Fortunately.
in some important special cases the requirements for three distinct speeds may be lifted.
but in the general case the effect of degeneracy remains an open question.

Shock waves

Shock waves are propagating surfaces across which velocity and deformation gradients
are discontinuous. Their motion is described by equations (2H4). If F + and u + are known.
then (2) may be written

(9)

For a fixed direction of propagation, N, and a fixed deformation gradient and velocity
F +, u+ ahead of the wave, equation (9) gives three relations among the four quantities
aI, aZ, a3 and V. If it may be solved for a in terms of V, then this solution, together with
(3 z) and (3 3) rewritten as

F i
, = Fi+x-ai(V)Nx

u' = Ui~ + Vail V)
(3)

determines a one parameter family of shock waves. Other parameterizations may of course
be possible.

Let the three equations (9) be represented by the relations Ki(a, V) == n. Then the
implicit function theorem [11 J states that if (1) the K i are continuously differentiable,
(2) ao and Vo are such that Ki(ao, Vo) = 0, and (3) the determinant det (oK;/oal)ao.v" i= O.
then there is a neighborhood about (ao , Vol in which K i = °may be solved uniquely for
a = a(V). One solution of (9) is given by a = 0, V = Vo where Vo is an arbitrary positive
number. The determinant in this case is given by

oKii ICafJ(F N V Z -, Idet --I = det ij +)Na fJ- Po OUijca·1
(10)

which of course is the characteristic determinant. If Jlois not a characteristic velocity, then
the determinant is not zero and the unique but trivial solution a == 0 holds in a neighbor
hood of (ao, Vo).

Of greater interest is the case in which Vo is a characteristic velocity, Vo = Vim), In = 1,
2, 3. In this case the determinant is zero and the implicit function theorem does not apply.
Let it be assumed that inversion is still possible, but rather than Vas a parameter, let (a, V)
be functions of the amplitude a = ±Ial. (The sign is set automatically as shown below.)
If the functions are differentiable, then the derivatives dna/dan, dnV/dan evaluated at the
point (ao , Vo) may be found by repeated differentiation of equation (9) and the equation
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that defines a (except for sign)

Thus

{aTia
V2 ~i},j 2 vv' i

aF~ NaNp-Po Uj a = Po a

165

(9a)

(11 )

(12)

Solution is accomplished as follows. Equations (9) and (9a) are satisfied if a(O) = O. Then
(11) and (122) are satisfied if V(O) is a characteristic speed, V(O) = v(m), m = 1,2,3, and
a'(O) is equal to the corresponding unit right proper vector, a'(O) = r(m). Since - r(m) is also a
right proper vector, this selection fixes the sign for a = ±lal automatically. Negative roots,
- v(m) are assigned to a negative normal, - N. They correspond to waves propagating in
the opposite direction.

Let I(ml be the left proper vectors of the characteristic matrix normalized so that
I(m) . r(n) = b!::». Then the derivative V'(O) is found from (121) after multiplication by the
appropriate left proper vector. In the special case where stress may be derived from a stored
energy function T = au/aF, this leads to the symmetric formula

(14)

Second derivatives a"(O) and V"(O) may be found from the two independent equations of
(12 1), (this assumes the rank of the characteristic matrix to be two), together with (132 ) and
after multiplication by the appropriate left proper vector (13 1 ), Higher derivatives are
found by a similar procedure.

The above discussion suffices to show that if smooth solutions to equation (9) exist,
then vanishing amplitude occurs at a branch point. Furthermore, there are three branches,
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and these correspond exactly to the three possible simple waves in that for each branch
the shock speed in the limit of vanishing amplitude is equal to one of the characteristic
speeds. However, not all parts of the branches may be accepted as solutions on physical
grounds. For reasons of stability it may be argued that a shock wave must travel faster
than the corresponding type acceleration wave ahead of the shock and slower than the
corresponding type acceleration wave behind the shock. Some such criterion must be sub··
stituted for the thermodynamic one of increased entropy across a shock. Thus at leas,t
for weak shocks, if nO) > 0, [V'(O) < 0] then only a > 0 (a < 0) is admissible. and if
V'(O) = 0 but V"(O) > 0 [V"(O) < OJ then any (no) nonzero value of a is admissible. Of
course shocks may still be possible for large values of a even if weak shocks are not
admissible.

3. CHARACTERISTIC GEOMETRY (12( or (13)

A characteristic surface, qJ(X, t) = 0 must satisfy the differential equation

D(~) ~.., det(Cfnae p POa)(jij) = 0 (15)

where ~ = (eo, el, e2' e3) = (<p,,, CfJ.x' CfJ. y ' CfJ.z)· The four vector; is a normal to the surface
CfJ = const. in space-time and the homogeneous function D(;), when set equal to zero, gives
the equation of a cone called the normal cone in ~-space. Equation (15) is bicubic in (n so
that there are three sheets to the cone which may be denoted by

(0 l'N((,): N = 1,2,3;-x = 1,2,3
(16)

(17)IX = 0, 1,2,3.

If (, is a unit vector, then equation (16) determines the propagation speeds of plane waves
with normal (,. If (0 is taken to be a distance along the direction e", then (15) is the equation
of the so called velocity surface or reciprocal normal surface. If we set ¢o - I then
equation (15) is the intersection of the normal cone with the hyperplane eo = 1 and the
surface so determined is called the slowness surface or normal surface. The name slowness
is appropriate because the radius in a given direction is the reciprocal of the velocity of
plane waves in the same direction. This is clear since the VN are homogeneous of degree
one so that le",l- 1 = IVNKt~(pl)l.

The wave cone is the hypersurface enveloped by the planes whose normals lie in the
normal cone. Alternatively it is the hypersurface swept out by the normals to the tangent
planes of the normal cone. The generators of the wave cone are tangent at its apex to the
bicharacteristic rays which are given by

X' = AD~
'" D(,

The prime indicates differentiation with respect to a ray parameter, P, and A is an arbitrary
proportional factor. The generators of the wave cone are straight lines

IX = 0, 1, 2, 3. (l8)

Since D is homogeneous of degree six in l; we have l; .X = 6ApD = O.
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The wave surface is the intersection of the wave cone with the hyperplane t = 1 so that
if ~a lies on the slowness surface, points on the wave surface satisfy Xa~a = 1, rx = 1,2,3
which may be written

(19)

after division by I~al. Thus the wave surface may be regarded as the envelope of all possible
plane waves at unit time after passing through the origin. The centers of the various waves
and surfaces described above may of course be translated to arbitrary points in space
time. In this paper only two independent space variables are used so that the wave surface,
normal surface, etc. reduce to curves in the X- Y plane. It may be shown that the normal
curve may have inflection points but has no cusps whereas the wave curve may have cusps
but not inflection points. A typical slowness curve and wave curve for an elastic material
are shown in Fig. I.

(0) (b)

FIG.!. (a) Slowness curve, and (b) wave curve (after Burridge [14J).

4. REFLECTION OF AN OBLIQUE SHOCK WAVE

Suppose that a plane shock approaches a plane boundary at an oblique angle eo as in
Fig. 2. The shock has speed v., normal No = (sin eo, - cos eo, 0) amplitude a, deformation
gradient and velocity ahead of the wave F(o), ufO) and deformation gradient and velocity
behind the wave F(l)' ~l)' It is assumed that these quantities satisfy the jump conditions
given in equations (2) and (3) and that the shock wave is stable. Thus the shock lies on one
of the three branches which satisfy equation (9).

y

FIG. 2. Incident shock wave and assumed configuration for reflected simple waves.
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The reflection problem is to be solved by a semi-inverse approach. It is assumed initially
that the reflection consists of three simple waves, one corresponding to each wave sheet.
The simple waves are assumed to be separated from the shock, each other, and the boundary
by regions of constant velocity and constant deformation gradient. Thus in Fig. 2 regions
2,4 and 6 are simple waves and regions 0, 1, 3, 5 and 7 have constant state. Within each
simple wave every wavelet passes through Q, the point of intersection between the shock
wave and the boundary.

Each simple wave is completely described by a one parameter set of functions where
the variations of the functions are given by the ordinary differential equation (7). The defor
mation gradient and velocity are assumed to be continuous throughout regions 17. Thus
the initial values for the differential equations that describe region 2 are the constant values
of region 1, and the final values in region 2 (at the trailing edge of the wave) are the constant
values of region 3. In turn region 3 provides the initial values for the wave in region 4 and
so on. However, the value of the simple wave parameter in region 2 that rnaps into the boun
dary between 2 and 3 is not known a priori. Thus the set of initial values for the wave in
region 4 is a one parameter family. Similarly the field values in regions 5 and 7 are two and
three parameter families respectively, where the three parameters fix the trailing edges of
the three simple waves. Boundary conditions at the material surface of region 7 provide
in implicit form a set of equations for the three parameters. To complete the problem
these equations must be solved for the three simple wave parameters in terms of the speci
fying parameters of the incident shock wave.

The next three subsections set out in detail the solution described above.

Selection of reflected waves
Here it will be shown that the number and type of reflected waves may be determined

by examination of the roots of a certain polynomial. Since the point Q moves along the
boundary with speed Vh = Vs/sin 00 , the normal speed of a wavelet at angle 0 is V
V

h
sin eas is clear from Fig. 2. The wavelet normal is given by N = (sin 0, cos e, 0). For

every wavelet in each simple wave choose L(y) = 0. Thus equation (8) which specifies the
plane of a wavelet may be written

o X sin 0- Y cos 0- Vht sin O. (8')

Let T = cot e. We have T = (X - Vht)/Y. Equation (7) for a simple wave may be written

C~fJN- N~' 1/25: ' • - (')
(ij 3 (I-PO' h(Jij)lI j -

VhFg+u,jN/i = 0

where the normal divided by sin (J has components N~ = (1, .- T, 0). Let ;~(T) be the poly·
nomial in T given by

"'( 'j d t jC~fJN- N~ r:2,~ 1:7T = elij ~ /1-PO'h(Jijj' \20)

The condition that nontrivial solutions for u' exist is ;1>{-r) = 0.
In general &(T) is sixth order in Tand in fact can never be less than sixth order. If it were

of lower order, then the coefficient of ,6 would vanish, i.e. det{Cfn. In turn this implies
that for the direction N = (0, 1,0) one of the characteristic speeds vanishes contrary to
assumption.
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The real roots of &(r) may be interpreted geometrically as follows. (Refer to Fig. 3.)
About a point on the boundary, Qo, draw all three sheets of the wave curve. Recall that the
wave curve is the intersection of the wave cone with the hyperplane t = 1 and thus is the
envelope over all directions of plane waves which might have passed through Qo at t = O.
Locate Q on the boundary at a distance v" from Qo and in the direction of passage of the
shock. From Qdraw all possible tangents to the wave curve. Each tangent determines a
real value of r = cot e, where e is the angle about Qclockwise from the boundary to the
tangent. It is clear that each value of r so determined is a real root of &(r) and conversely
each real root of &(r) corresponds to a line through Q and tangent to the wave curve.t

.e
FIG. 3. Geometrical interpretation of the roots of &'(r).

From the preceeding geometrical construction and from known properties of the wave
curve several statements may be made about the real roots of &(r). In any case, of course,
there must be an even number of real roots, i.e. there must be 0, 2, 4 or 6 real roots.

1. If Q lies entirely within the core of a wave sheet (not within a cusped region), then
&(r) has no real roots corresponding to that sheet.

2. IfQlies entirely outside a wave sheet, there exist exactly two real roots of &(r) corres
ponding to that sheet.

3. If Q lies within a singly cusped region of a wave sheet, there exist exactly four real
roots of &(r) corresponding to that sheet.

4. If Q lies within a doubly cusped region of a wave sheet, there exist exactly six real
roots of ;3'(r) corresponding to that sheet.

5. Simple points on a wave sheet correspond to double roots of .9'(r) and cusp points
correspond to triple roots.

To see properties 1-4 refer to Fig. 4. Consider an arbitrary point M on one of the wave
sheets and through the point construct the tangent. The tangent is divided into two parts
by M. Let M move around the wave sheet in such a way that the tangent turns continuously
clockwise. This is possible since the wave sheets have cusps but not inflection points. As

t The construction given here is dual to the one given by Musgrave for linear anisotropic wave reflections [IS]
which is based on the slowness curve. The alternate construction could also be used here. The slowness of each
wavelet has components tvh- I. - r VhI, 0). Values for r are determined from the intersections with the slowness
curve of a line drawn perpendicular to the plane boundary and at a distance Vh- 1 from the center of the slowness
curve. In practice the construction from the slowness curve is probably simpler but the construction from the
wave curve is clearer conceptually.
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tc)
i
/ (b)(0)

FiG. 4. As M traverses the wave curve, each end of the tangent sweeps over (al exterior pomts once, (bi
points in a single cusp twice. and (c) points in a double cusp three times, The point M moves according

to the arrows.

M moves around the curve it is easy to see that each half of the tangent sweeps over every
point (1) of the core interior never, (2) of the exterior once, (3) of the interior of a simple
cusp twice, and (4) of the interior of a double cusp three times. The fifth property follows
by considering the limit of tangent contact points M as Q approaches a wave sheet.

From this discussion it is clear that if y;. is large enough, which is to say if 00 is small
enough, then there will exist six real roots of &'(1'), two for each sheet of the wave curve.
All that is required is that Qlie entirely outside all sheets of the wave curve. If Qlies within
a cusped region of one of the two inner sheets, there may also be six real roots of ,-Jl(r).

In this last case there seems to be no reason why the solution could not also be carried
through formally. However, it may have little significance for the following reason. At the
first instant that the angle between the incident shock and the boundary is such that Q
lies inside the outer wave sheet, one might expect that a new wave front corresponding to
the outer sheet would break away and move ahead of the point Q. If this occurs, nonlinear
interaction between the incident shock and the new wave will distort the wave pattern
locally so that a solution which involves only plane simple waves will probably no longer
be applicable. Such an objection does not carry quite as much weight in the infinitesimal
case of course because then there would be no nonlinear interaction or distortion.

The geometrical construction of reflected plane waves may also be viewed in the
following way. The moving point Q, at which the shock wave meets the boundary, lies on
the line fE:X = y;'t in space-time. In a sense fE is a source for reflected wavelets. There
fore, reflected wavelets should be generated by rays which originate on fE and which by
reason of causality point both into the material and forward in time, i.e. toward positive
Yand positive t. For F fixed, the set of all rays through a point on fE generates a wave cone
with vertex at the point and the desired reflected wavelets are envelopes of all the wave
cones which have vertices on fE. The rays which generate the reflected wavelets are pre
cisely those ofeach cone which lie in the envelope and point toward positive Yand positive
t. Let f18 be the ray which lies in a reflected wavelet and in the wave cone with vertex at Qo·
Then in the plane t = I the projected image of f18 is a radius of the wave curve about Qo·
The intersection of the reflected wavelet with the plane t 1 is the line which is tangent
to the wave curve and which passes through Q, and the radius and tangent meet at the
point of tangency to the wave curve. The image of one ray is shown in Fig. 3.

This discussion makes it clear that the only real roots of .gIl(1') which correspond to
reflected waves are those for which the tangent point lies in the material since only then
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will the rays of the wave point into the material. Furthermore, half of the real roots corres
pond to tangent points in the material and half correspond to tangent points on the other
side of the boundary. [In the exceptional case where Q itself lies on the wave curve and
21>(r) has multiple roots this does not hold of course.] To see this recall that when the point
of tangency, M, moves around the sheet, each half of a tangent sweeps through every
point in the plane the same number of times as the other half. The point M will lie in the
material whenever one half sweeps over Q(the left half for an observer at M facing along
N, the direction of propagation) and outside the material when the other half sweeps over
Q.

Thus there are at most three real roots of t!P(r) that correspond to reflected waves. If
Q lies outside all three wave sheets, the three algebraically smallest values of r correspond
to reflected waves. This is the most important case and the one of primary concern in this
paper.

In addition to the requirement t!P(r) = 0, in order to satisfy (Ttl it must be required that
uf be a right proper vector of Qij = qfN"Np. A distinct root of g>(r) determines a fixed
direction N and for each fixed direction it has been assumed that Q has three distinct
proper numbers and hence three unique (within a scalar) right proper vectors. Thus u f

may be written
uf

= v"w(F)r(F) (21 )

(22)

where w is an arbitrary scaler function and r(F) is any right proper vector that corresponds
to direction N and the proper number Po Vt sin2 e.
Distribution of wavelets

To complete the reflection problem it remains only to determine the strength and angle
of every wavelet within the three simple waves where each simple wave is described by a
system of ordinary differential equations. Let the three roots of t!P(r) that correspond to
reflected waves be denoted by r = IT(m)(F) where m = 2,4 or 6 and

lTdF) > IT(4)(F) > IT(6)(F).

The appropriate equations follow from (7~) and (21)

F;~)l = w(m)(F)r{m)(F)

F;~)2 = w(m)(F)lT(m)(F)r{m)(F)

F(~)3 = 0

u;~) = VI.w(m)(F)r{m)(F).

Equations (22) are subject to the initial conditions

F(O) - F
(m) - (m-I)

(0) (23)
U(m) Ucm - 1)

that is to say, the field values in the simple waves are continuous across the wave fronts.
The functions w(m)(F) may be chosen for convenience since they represent only a relabeling
of the wavelets in the sense that the systems

:; = f(y) and :; w(y)f(y),
dy
dy = w(y)
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are equivalent. They are strictly equivalent if w has no zeros but since the label t' or Yhas
no intrinsic importance, the function w(F) may actually be chosen so as to ensure unique
ness or ease of solution or for any other desirable property. Of course once the solution
F(y) is found, the distribution of the wavelets follows by substitution so that T = (T[F(y)].
Clearly F{m)3 = F{])3 for each m and the solution of (224 ) follows by quadrature once the
solution to (22 d and (222) is known.

The value of F changes through a simple wave, but the ordering of the values of (T\2\,

(T(4) and (T(6) cannot change. If they could change, then, since the roots of a polynomial of a
fixed order are continuous functions of the polynomial coefficients which for the problem
at hand in turn are continuous functions of F, and hence of the wave parameter, y. then for
some value of I"~ two roots of .qJ(-r) would be equal. This implies that for a certain direction
of propagation two characteristic speeds are equal. but this case has been ruled out by
assumption. The ordering ensures that the three simple waves will in fact be separated by
regions of constant state.

Now let A. f1 and v be the independent parameters in waves (2), (4) and (6) respectively
and define the vector N(m)(F) = [l, - (T(m)(F), 0]. We have (refer to Fig. 2)

(i) In region (1)

(ii) In region (2)

where

(iii) In region (3)

(iv) In region (4)

where

(v) In region (5)

F = F(~)P.)} on 0 S ;~ s J.
r = (Tl (F)

(24)

(25)

(26)

(27)

(2S)

(29)

(30)



(vi) In region (6)

where

(vii) In region 7
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dF/6 )a

dv

F(6)(0) = F(5)·
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(31)

(32)

(33)

To complete the solution a boundary condition for region (7) must be met. The extreme
conditions are the completely hard or clamped boundary u = °and the completely soft
or free boundary TiaNa = °where N = (0, -1, 0). In the general case there will be three
boundary conditions from which to calculate the three parameters 1, [i, v in terms of the
deformation gradient ahead of the shock, F(O)' incident angle, Bo, shock type and ampli
tude, a.

Comments on existence

No general existence theory exists for the solution of the mathematical problem posed
by equations (24H33) together with an appropriate boundary condition. A complete
theory would no doubt depend strongly on the properties of the constitutive functions as
well as the parameters of the incident shock wave.

However, it is possible to state a simple existence theorem for small but finite amplitude
waves. If for a fixed F(o), Bo and incident shock wave type, there is a unique reflection solu
tion for the infinitesimal theory linearized about the deformation gradient F(o) and velocity
u(O) then there is a neighborhood about 1 = [i = v = °and a = °(i.e. vanishing amplitude
of the incident shock) within which the finite reflection problem has a unique solution for
1, [i and vin terms of a and the parameters F(o) and Bo. This follows from a simple applica
tion of the implicit function theorem. For fixed F(o) and Bo the values 1 = [i = v = a = °
satisfy the boundary conditions and in each simple wave the deformation gradient and
velocity take on only their initial value. That is to say, the case of vanishing shock amplitude
has the solution of vanishing reflections. Let the boundary conditions to be met be denoted
by B i(1, [i, v, a; F(o), Bo) = 0t and let J(1, [i, v, a; F(o), Bo) denote the Jacobian of the deriva
tives of Bi taken with respect to 1, [i, v. Then the condition J(O, 0, 0, 0; F(o), Bo) =I- °is simul
taneously the condition for invertibility of B i = °in a neighborhood of1 = [i = v= a = °
and the condition for solution of the linear problem as may easily be verified at least for
the clamped or free boundary.

Once 1, ji and vhave been determined, the geometry and distribution of wavelets are
completely determined and the results may be accepted as a solution to the reflection
problem provided that within each simple wave the function (j"(m)(F) is a real monotonically
decreasing function of the appropriate parameters. This corresponds to monotonically
increasing angle Bas the parameter ranges from zero to its maximum value (or minimum

t For example T;2(Fm) = 0, free boundary; or uh = 0 clamped boundary.
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value if say A< 0) and is required to insure a single valued solution of the reflection prob
lem as a whole.

Failure o[the simple wave solution alUi the possibility of reflected shocks

It may happen that for one or more of the simple waves the function er lmi(I") is not
monotonically decreasing over the whole range of the parameter. If it increases monotoni
cally, then the reflected simple wave should probably be replaced by a reflected shock wave
of the same type. In this case it is necessary to solve equations (9) and (9a) for 0 and a as
functions of amplitude a on the appropriate branch. In these equations V I~, sin 0
N = (sin 0, - cos 0, 0) and F( +) is the deformation gradient ahead of the shock. Once again
a reflected wave may be specified completely in terms ofa single parameter so that in region
(7) there are again three parameters to be determined from the boundary conditions. Ail
shock waves in the solution must be checked for stability of course. Finally, it should be
noted that as before, if the linear problem has a solution, then for this case as well therc is
a solution in the neighborhood of vanishing incident shock and vanishing reflected waves
The proof is the same as before.

Another possibility is that er1m)(F) for one or more of the waves is real but is not mono·
tonic at alL In this case the simple wave should probably be replaced by a combination
shock and simple wave. This case is more complicated than the previous ones and will
not be discussed further.

Comments on critical angles

The solution by simple waves fails if one of the functions (Jtml(F) becomes complex for
some value of the parameter. Recall that complex values of (Jlml(F) correspond to the point
Q lying within the mth sheet of the wave curve. When Q lies on the outer wave sheet, the
critical angle has been reached for simple wave reflections. This phenomenon is amplitude
dependent as well as orientation dependent. For fixed amplitude of the incident shock the
point Qmoves toward the outer wave sheet as the incident angle 00 increases. This is similar
to the linear case except that here the wave sheet geometry for the leading edge of the
reflected simple wave depends on F(l) which in tum depends on 00 and the amplitude of
the incident shock. In order that the shock wave be stable it must intersect the correspond
ing wave sheet if both are extended through the material boundary (see Fig. 5). This is

\
\

FIG. 5. Relation belween incidenl and reflected shock waves and wavc curvc>.
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required since acceleration waves of the same type behind the shock must travel faster
than the shock itself. Thus even for fixed angles of incidence the point Q may approach
the outer wave sheet as amplitude increases.

This discussion should make it clear that critical angles occur for shock waves that
correspond to the outer wave sheet as well as for those that correspond to the inner sheets.
This is in direct contrast to linear theory where critical angles occur only for the inner
sheets.

Similarly if the first reflected wave is a shock wave it may happen that for some incident
angles or amplitudes the solution fails. Whereas the leading edge ofa simple wave at angle e
must be tangent to the outer wave sheet computed for F(t) a shock wave must lie at an
angle less than (} since for reasons of stability it must have a higher speed of propagation
than that of an acceleration wave of the same type in the region ahead of the shock (see
Fig. 5). Furthermore, the exact angle of the reflection depends on the strength of the re
flection as well. In any case if the solution fails it fails for angles of incidence and amplitudes
such that the point Q lies outside the wave sheet. Thus for a fixed amplitude of the incident
shock, the critical angle is smaller for the case of reflected shock waves than for the case of
reflected simple waves.

If a critical angle occurs for either the reflected simple wave or reflected shock wave,
it is for the same reason physically. The point at which the plane shock wave would inter
sect the material surface does not move fast enough to keep up with the slowest plane waves
which are consistent with the outer wave sheet. Consequently waves break away from
point Qand interact with and modify the incident shock itself. There are two possibilities.
On the one hand the incident shock may be strengthened and tend to speed up along the
boundary and in this case it seems likely that a mach stem will form. On the other hand the
incident shock may be weakened and tend to slow down along the boundary and in that
case the shock may become curved.

5. DISCUSSION OF SPECIAL CASES

Transverse symmetry

Three reflected waves are needed generally to meet boundary conditions. Nevertheless,
if the material and the deformation possess sufficient symmetry with respect to the X - Y
plane, only two reflected waves may be required. Sufficient conditions for this to occur are
as follows. Direct tensor notation is used.

According to the rules of material symmetry and the principle of material indifference
[9] the following holds for arbitrary rotations R and for every unimodular tensor H where
H belongs to the isotropy group of the material.

T(F) (det R)- 1(det H)- 1RTT(RFH)HT.

Now suppose that in the given Cartesian frame F has the representation

(34)

'I

IIFII = p

s

m
q

n'

r

u

(35)



170 T. W. WRIGHT

If particular Rand H both have the representation

100

010

o 0-1

then equation (34) implies that

II Til T l 2 T 13 '1 ill
II I, II
If T

21
T22 T 23

1

1
1 as functions of I.

r
I.: p

1:" •.'T31 T 32 TD,! is

m

q

Til T l2 _ T 13 'i

(:\6)

- T 23
11 as functions of

m ~11

T 21 T 22
P q r

_T31 _T32 T 33 i!, S -( II

Suppose n = r = t = O. Then Til, T
12

. T 2 1, T 22 are even in s, and DTll/Ds etc. are odd
in s and hence vanish for s = O. Furthermore T JI , T 32 , T l3 , T 23 and all their derivatives
with respect to 1are odd in s and hence vanish for s = O. These and similar arguments
concerning the behavior of T as a function of the other components of F demonstrate that
for all normals N = (0:, (J, 0) and deformations

m 0

!IFII = p q 0

0 0 u

the acoustic tensor Q has the representation

a h 0
i

IIQII = c 11 01·

0 0
i

c

(37)

(38)

The tensor Q has one right proper vector along the z axis and two in the xy plane. This
fact together with equation (72) implies that for two reflected waves F~ = 0 if either j = 3
or 0: = 3. Thus if F in the region ahead of these two waves is given by equation (37) then it
has the same representation in each wave and in the adjacent constant regions. Similarly.
since uf is proportional to the right proper vectors of Q, if u lies in the x-y plane ahead of
the two waves, then it also lies in the k-y plane in the waves and in the adjacent constant
regions. Thus throughout the material T 32 0 and uJ = O. Examination of equations
(111)' (121) and (13 1) indicates that ifF has the form of equation (37) ahead of a shock wave
then there are two waves possible with amplitude vector a lying in the x-y plane and F
retains the form of equation (37) behind the wave. This is true since a'(O) is a right proper
vector ofQ and it lies in the x-y plane. Thus all higher derivatives a"(O), a"'(O), etc. lie in the
x-y plane and a (a) expanded in a power series about a = 0 lies in the x-y plane.

The preceding arguments may be summarized by the following statement. If a shock
wave with polarization in the x-y plane propagates into a region with deformation given
by equation (37), ifthe material is symmetric with respect to reflections across the X- Y plane.
and if one boundary condition to be met is either T 32

= 0 or uJ = 0011 Y = 0 then at most
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two reflected waves are required. In particular the statement covers the important case of
reflections in an isotropic material in which a normal shock or a quasi-transverse shock
with polarization in the x-y plane propagates into a region in which one boundary condition
is as above.t However, it does not cover the case of a quasi-transverse shock with a non
zero z-component of polarization.

Incompressible materials

In an incompressible elastic material there are only two sheets to the wave cone rather
than three and both waves are always of strictly transverse type. If a reflection solution in
terms of simple waves is attempted, the deformation and velocity behind the wave will be
given in terms of two parameters, yet three boundary conditions must be met. In general
the problem will have no solution for in effect the third sheet has infinite propagation speed
and every case is a critical angle case except for normal incidence. However, solutions may
exist for special cases in which the material and the deformation exhibit degeneracy so that
there exists some functional dependence among the boundary conditions.

As an example of this degenerate type behavior consider an incompressible isotropic
material with constitutive equation

(39)

Here ft is an arbitrary function and h 1 is a smooth function of the first two invariants of
the left Cauchy-Green strain tensor B = FFT

. This is a modest generalization of Rivlin's
neo-Hookean material [17] in which h 1 is a constanq Further assume the deformation
gradient to have the form

IIFII
1 0

o 1

z,x z.Y

1

o
o

o
1

o

-z,X

-Z,y (40)

and that x = y = O. All motion is restricted to the z direction. Thus there is degeneracy in
both the constitutive relation and in the deformations allowed. The invariants are given by

IB = l+z2
x +z2y

lIB = -(1 +z~x+z~y).

It is convenient for the restricted deformation assumed here to let

(41)

(42)

where h is a function of only one argument. If we setft = h then the momentum equation
(1 1) is satisfied for i = 1,2, Application of the theory of simple waves to the third equation
alone leads to

(43)

t The slowness curves and wave curves appropriate for these cases have recently been described in detail by
Payton [16].

t The most general incompressible isotropic material has constitutive equation [9] T = _ ,iJi'(F-1)T +
h1(lB. IIB)F + h2(1B. IIB)FFTF.
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where el, f3 = I, 2 and
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(44)

The backward prime indicates differentiation with respect to the argument of II whereas
the ordinary prime indicates differentiation with respect to the simple wave parameter as
before. Wave speeds are given by

v = ±(PoI[h+(z,~NJ21h]}l

and i' is arbitrary. Resolved shear traction on planes Z = const. is given by

(45)

T = [(T 13)2 + (T 23 )2Ji = vh(tv 2) (46)

where v = (z,llz"i'. The reciprocal normal curve or velocity curve, given by equation (45)
takes on its extreme values when N is parallel or orthogonal to Vz. These extreme values are
T/v and dT/dv. If dT/dv > 0 for all v, then wave speeds are always real since T vanishes
when v does.

Suppose a shock of amplitude a propagates into an unstressed region. Then for arbi
trary angle with the boundary, 00' the shock speed is given by

(471

(48)

where behind the shock v = a, z.1l = -aN", N = (sin 00, -cos 00' 0) and i = av:. Assume
T(v) to be concave up so that the shock is stable. Reflected wavelets lie on planes with co·
tangent given by

Z,xZ,y'h {' Po V~ h(h + V
2
'h)} 1

T - --~. - ---~- -~-._--------

- h+ z:r'h h + z:r'h lh + z2/h)2 .

For T to be real the term in brackets must be positive. For the case when the reflected wave
is a simple wave, to be less than the critical angle the incident angle must satisfy

To complete the problem the following equations must be integrated.

(49)

z' = Y,.I;

Z:X = -f

2(0) = aV,

z,x(O) = - a sin 00

Z,y(O) = acosOo

(50)

where f is an arbitrary function.
If the boundary condition to be met is T 32 = z,yh = 0, it is convenient to choose

f = - T - 1 for then

Z,y(A.) = -), +Z,y(O)

Z(A) = - Vj,[Z,X(A) - z,x(O)] + z(O)
(51 )
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where dz.x/dA = ,-t, z.x(O) = -asinOo and the boundary condition is satisfied when
A = z.y(O). Substitution for z.x and z.y in the equation for, completes the solution. If the
boundary condition to be met is i = 0 on Y = 0, it is convenient to choose f = - V,;- t

for then i(A) = - A+ i(O) and the boundary condition is satisfied when A = i(O).

Elastic fluid

Another example, more realistic than the last but still a rather degenerate case is that
of an elastic fluid. In this case the only stress is a normal pressure, ft, which depends only
on the density. The Piola stress tensor is

T = -Jft(J)(F-If (52)

where J = det F. The elasticities are given by

(53)

Here again the backward prime indicates differentiation with respect to the argument.
Velocity of propagation is given by

v= +[_p-I'j"J2X~XPN N]t (54)
- 0 r .1.1 ~ P

For V to be real we must have 'ft(J) < O. Equation (54) is equivalent to the more usual
expression

v = ±J(~:) -0 . U (55)

where v is the spatial velocity of the wave, 0 is the spatial normal and p is the density
p = por 1. The derivative of the particle velocity is given by

u,j = wX~·N
.J ~

(56)

(57)

where w is an arbitrary function and nj = kX~jN~, that is to say u' is parallel to the spatial
normal, o.

Suppose a shock of amplitude a propagates into an unstressed region. Then for arbi
trary angle with the boundary, 00' the shock speed is given by

V, = [ft(l-a)-ft(l)]t
poa

and behind the shock ui = aV,ni and x~~ = b~-aniN~. The material and spatial normals
are equal No = 0 0 = (sin 00 , - cos 00 ,0). Assume ft(p) to be concave up so that the shock
is stable.

The normals in each reflected wavelet are N = (sin 0, - cos 0, 0) so that by equation
(7 2) x:~ = 0, which together with the appropriate initial conditions implies that X~3 = b~

throughout the reflection zone. This in turn implies that X~3 = <>3 so that by equation (56)
U,3 = 0 and by equation (72) x:~ = O. We have x:~ = <>~. Thus there are only four com
ponents of the deformation gradient to be found.

X.x x. y 0 Y.y -x.y 0

IIFIt = Y,x Y,y o .IIF-III = 1/1 -Y,x x.x 0

0 0 1 0 0 J (58)

J = x,xY,y-X,yY.x.
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The cotangent of the angle for each wavelet is given by

y=
Y,YY,x +X.Y·\I 1

lx +x\ .J;~~ + 159,

For real T the term in brackets must be non-negative. In the case of a reflected simple wa vc
this requirement again leads to an expression which the incident angle must satisfy in order
not to equal or exceed the critical angle.

(60)

where c is the acoustic speed behind the shock ('2 = dNdp evaluated at p = flo(1- iii
To complete the solution the following equations must be integrated for i = I 1 and

a = 1. 2

(61)

In these equations w is an arbitrary function of x:" r i is given by (58 2), N = (I, .- r, OJ,
y is given by (59), 0(0) = N(O) = (sin 8o,-cos 80 , 0), Vh = ~/sin 80 and V, is given by (571
If the boundary condition is given in terms of pressure, so that the density and Jacobian arc
known for Y = 0, it is convenient to choose w = ~h(XjX~N,NfJ)-l =1"1 I dji/dv
In this case the simple wave parameter is related to 1 by I, = In(1/1 - a) as may easily be
seen by multiplying (61 2 ) by 1 X~i and substituting for w so that the equation becomes
.J' = 1.

Other problems

The methods used to solve the oblique shock reflection problem may also be used to
solve a number of closely related problems. For example, in the case of a plane shock wave
which impinges at an oblique angle on a plane of material discontinuity, it is natural to
assume the presence of three reflected simple waves or shocks and three transmitted
simple waves or shocks. Each shock and each simple wavelet must pass through the same
point, Q, which moves along the common boundary at constant speed. There will be six
wave parameters to be determined from the six conditions that velocity and traction be
continuous at the plane boundary. A critical angle may occur for material on either side
of the boundary.

As another example consider the case where the boundary condition prescribes a
moving step discontinuity in surface traction or surface velocity. The discontinuity is to
move at a constant speed Vh along the boundary and separates two semi-infinite regions
of constant surface traction or velocity. The case of discontinuous velocity is a generaliza
tion of the well known expansion or contraction corner in steady gas dynamics. In either
case three simple waves or shocks trail from the moving point of discontinuity.

Finally it should be pointed out that the case of normal reflection or normal wave
generation by step loading can be treated in a way virtually identical to the oblique reflection
case with the additional simplification that N = (0, 1,0) for all three waves. There is no
need to find T as a function of deformation gradient and equations (7) may be used directly.
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A6cTpaKT-l1ccJIe)J,yeTcli oTpalKeHHe KOHe'lHOH yrrpyroH, rrJIOCKOH, y)J,apHoH BOJIHhI OT rrJIOCKOH rrepero
pO)J,KH. I1CrrOJIh3yeTcli rroJIyo6paTHhIH MeTO)J, peIlleHHlI. PaccMaTpHBalOTcli rro)J,po6HO TOJIhKO YrJIhI
y)J,apa MeHhIlle KpHTH'IeCKOrO yrJIa.

Boo6Ille, CyIIICCTBylOT TpH oTpalKeHHhIe BOJIHhI, KOTophIe MoryT 6hITh rrpocThIMH BOJIHaMH HJIH
y)J,apHhIMH.

HaXO)J,HTcll, 'ITO KalK)J,hIH pO)J, OTpalKeHHOH BOJIHhI MOlKHO rrOJIHO orrpe)J,eJIHTh O)J,HHapHhIM rrapaMeTpOM,
eCJIH yCJIOBHlI Ha <!JpOHTe BOJIHhI H3BCCTHhI. rpaHH'IHhIe yCJIOBHlI Ha IIJIOCKOH rrOaepXHOCTH )J,OJIlKHhI
6hITh peIlleHhI )J,JIli orrpe)J,eJIeHHhIX rrapaMeTpOB. <l>opMyJIHpyeTcli rrpOCTali TeOpeMa CYll\eCTBOBaHHlI;
o6cylK)J,alOTCli CJIy'laH KpHTH'IeCKOrO yrJIa H )J,alOTCli HeKoTophIe rrpOCThIe rrpHMepH.


